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We show that slave particles are always confined in U(1) gauge theories of interacting electron
systems. Consequently, the low-lying degrees of freedom are different from the slave particles. This
is done by constructing a dual formulation of the slave-particle representation in which the no-double
occupany constraint becomes linear and, hence, soluble. Spin-charge separation, if it occurs, is due
to the existence of solitons with fractional quantum numbers.
Introduction. A number of attempts [2,4–11] to under-
stand the dynamics of strongly-correlated electrons have
employed a ‘slave particle’ decomposition of the electron
operator, such as
ciσ = b
†
ifiσ (1)
The slave boson operator, bi, is supposed to carry the
charge of the electron while the fermion fiσ carries the
spin. It is sometimes supposed that these particles can
be liberated at low energies, with spin-charge separation
as an upshot.
In order for this to occur, the U(1) gauge symmetry
bi → e
iθibi, fiσ → e
iθifiσ (2)
must be broken.This U(1), it should be emphasized, is
not the electromagnetic U(1). It is due to the redundancy
inherent in the slave particle description (1). It will be
broken if the gauge field which parametrizes fluctuations
about the broken symmetry state is not confining. Such
a gauge theory is said to be in its Coulomb phase. In
this paper, we suggest that this cannot happen. Since
the gauge symmetry (2) is an exact local symmetry of the
model it can never be broken. This follows from Elitzur’s
theorem [1]. Global symmetries can be broken since
the effect of an infinitesimal symmtery-breaking field on
long-wavelength fluctuations is extensive; in the infinite-
volume limit, it can inhibit the symmetry-restoring fluc-
tuations. Local symmetries cannot be broken since they
can be restored by purely local (pure gauge) fluctuations.
The effects of an infinitesimal symmetry-breaking field
are infinitesimal, in contrast to the global case; in this
respect, gauge theories are similar to 1D systems.
Consequently, perturbation theory about an assumed
broken-symmetry state is not valid. The slave-particle
gauge theory is infinitely strongly-coupled – i.e. there
is no kinetic energy for the gauge field. In this paper,
we will discuss a way of analyzing the strongly-coupled
theory and ramifications for the issue of spin-charge sep-
aration in strongly-correlated electron systems.
U(1) Gauge Theory Formulation of the t − J Model.
It is often convenient to reformulate models of strongly-
interacting electrons in terms of redundant auxiliary de-
grees of freedom which satisfy constraints reducing their
enlarged Hilbert space to the physical one. Consider,
for instance, the Hubbard model in the limit that the
on-site repulsion is much larger than the hopping ma-
tric element, U >> t. At energy and temperature scales
much less than U , we may replace this model by the t−J
model
H = −t
∑
<i,j>
(
c†iσcjσ + h.c.
)
+ J
∑
<i,j>
(
Si · Sj −
1
4
ninj
)
(3)
with J = t2/4U together with the constraint ni ≤ 1. The
constraint is an extreme form of strong interactions; it
makes the physics of the t−J model opaque. By contrast,
the residual interaction, J , is small.
We can rewrite this Hamiltonian using the slave par-
ticle representation (1). A slave boson b†i |0〉 represents a
vacant site, while an auxiliary fermion f †iσ|0〉 represent a
site occupied by an electron of spin σ. The no-double-
occupancy constraint ni ≤ 1 now reads
b†i bi + f
†
iσfiσ = 1 (4)
It restricts the Hilbert space of slave bosons and auxil-
iary fermions to the physical subspace which only has the
above three states per site. Note that the constraint is
now an equality rather than an inequality, thereby allow-
ing a Lagrange multiplier formulation.
The Hamiltonian can now be written
H = −t
∑
<i,j>
f †iσfjσbib
†
j + h.c.− 2J
∑
<i,j>
f †iσfjσf
†
jαfiα
+
∑
i
a0i
(
b†ibi + f
†
iσfiσ − 1
)
(5)
where a0 is the Lagrange multiplier which enforces the
constraint. Following [2,3], we now decouple the quartic
terms with the aid of a Hubbard-Stratonovich field χij .
H =
∑
<i,j>
(
J |χij |
2
− Jχijf
†
iσfjσ + h.c.
1
− t χijb
†
jbi + h.c.−
t2
J
b†ibib
†
jbj
)
+
∑
i
a0i
(
b†ibi + f
†
iσfiσ − 1
)
(6)
When χij aquires an expectation value, the symmetry
(2) is broken. We will assume that the magnitude of χij
is fixed and study fluctuations of the phase
χj,j+k = χ e
iak(j) (7)
When these phase fluctuations are large, the symmetry
is restored. In the continuum limit, we can write the
corresponding Lagrangian as [6,7]:
L = f †σ (∂τ − a0) fσ + f
†
σ
1
ms
(
i~∇− ~a
)2
fσ − a0ρ0
+ b† (∂τ − a0 −A0) b+ b
† 1
mc
(
i~∇− ~a− ~A
)2
b+ |b|4 (8)
where ms ∼ 1/J , mc ∼ 1/t, and ρ0 = 1/a
d, where a is
the lattice spacing. In this Lagrangian, we have explic-
itly written the coupling to the external electromagnetic
field. We have coupled it to the slave bosons, but this is
purely a matter of taste. We could have coupled ~A to the
fermions instead; the physics would be the same thanks
to the constraint. This arbitrariness is a reflection of the
fact that the slave particles are confined, as we will see
later. We may take A0 to include the chemical poten-
tial; by varying it, we can change the electron density
and, hence, the fermion and boson densities. The gauge
symmetry of this model,
b(x)→ eiθ(x)b(x)
fσ(x)→ e
iθ(x)fσ(x)
aµ(x)→ aµ(x)− ∂µθ(x) (9)
reflects the redundancy of the slave-particle description.
Notice that there is no kinetic term f2µν for the gauge
field aµ. Hence, this is a theory of spin-1/2 fermions
and spinless bosons interacting with a gauge field at in-
finite coupling. The time component of the gauge field,
a0, simply enforces the no-double occupancy constraint,
thereby reducing the redundancy of the slave-boson rep-
resentation. The spatial components, ai, simply restore
the broken gauge symmetry (2). Since the gauge field
is at infinite coupling, it is necessarily a confining gauge
field: all physical states are gauge singlets and the sym-
metry (2) is restored. In particular, the slave bosons, b,
and the fermions, fσ are not part of the physical spec-
trum. Nevertheless, they have been treated as quasipar-
ticles weakly-coupled to a gauge field [2,4–11]. A safer way
of proceeding is by solving the constraints which follow
from integrating out the gauge field aµ. In this paper,
we show how this can be done.
Slave Particle Confinement in 1D. The basic strategy
can be demonstrated in the 1 + 1-dimensional case. For
simplicity, we consider the case of 1/2-filling, at which
there are no slave bosons. Using bosonization, we rewrite
the fermions, fσ, in terms of bosonic fields φf and φs:
fR,L;σ = e
i√
2
φ
R,L
f e
i√
2
σφR,Ls (10)
where fσ = e
−ikFx fR;σ + e
ikF x fL;σ. There are two
bosonic fields, φf and φs, because the fermions fσ carry
two quantum numbers, fermion number and charge. The
gauge field, aµ, couples to the fermion number. The fer-
mons are neutral, so they are not coupled to the elec-
tromagnetic gauge field. The Lagrangian can now be
rewritten in terms of φs = φ
R
s + φ
L
s and the dual scalar
field, φ˜f , defined by
∂µφ˜f = ǫµν (∂νφf − aν) (11)
In these variables, it is:
L =
1
8π
(∂µφs)
2
+
1
8π
(
∂µφ˜f
)2
+ aµ∂µφ˜f (12)
Notice that the constraint is linear in the dual bosonized
representation. Hence, we can simply solve it,
∂µφ˜f = 0 (13)
thereby passing to a Lagrangian which only contains
physical, gauge-neutral variables:
L =
1
8π
(∂µφs)
2
(14)
The solitons of this Lagrangian are spinons, neutral spin-
1/2 excitations created by e
i√
2
σφR,Ls ; they are clearly not
the same as the fσ’s, despite having the same spin and
charge quantum numbers, as may be seen by compari-
son with (10). The former are physical, gauge-invariant
excitations, while the latter are not part of the physi-
cal spectrum. A similar result was found by Mudry and
Fradkin [12] for the 1 + 1−D t− J model.
The key step in this analysis was the use of a bosonized
representation. Since the constraint is linear in this rep-
resentation, it can be solved, thereby leaving only the
physical degrees of freedom in the Lagrangian. The pur-
pose of this paper is to do this in 2+1-dimensions, a task
to which we turn in the next section.
Slave Particles in 2D. In two-dimensions, we can
use boson-vortex duality [14–18] to represent the slave
bosons, b. In order to represent the auxiliary fermions fσ,
we use the construction of [13]. We represent the auxil-
iary fσ as auxiliary bosons interacting with a U(1) Chern-
Simons gauge field which attaches flux to Sz. A dual
representation is then used for these auxiliary bosons.
We omit the details of this construction for fσ; they are
given in [13], where this construction is used for electrons
themselves. The resulting dual Lagrangian is
Ldual =
∑
α
LGL(Φ
α,
1
2
(aρµ ± a
σ
µ)) + LGL(Φ
c, acµ)
2
+Lcs(a
σ
µ) +
1
2π
Aµǫµνλ∂νa
c
λ
aµ [ǫµνλ∂ν (a
ρ
λ + a
c
λ)− ρ0δµ0] (15)
where
Jρ,σµ = ǫµνλ∂νa
ρ,σ
λ , J
c
µ = ǫµνλ∂νa
c
λ (16)
are, respectively, the auxiliary fermion number cur-
rent, the Sz current, and the slave boson number cur-
rent. The last of these is equal to the charge current.
The up- and down-spin fermion currents are given by
J↑,↓µ = (J
ρ
µ ± J
σ
µ ) / 2. Φ
↑,Φ↓, and Φc annihilate
vortices in these currents. LGL is given by:
LGL(Φ
c, acµ) =
1
2
|(i∂µ − a
c
µ)Φ
c|2 + V (Φc) +
1
2
(f cµν)
2.
(17)
and a similar expression for LGL(Φ
α, (aρµ ± a
σ
µ)/2). The
“potential” can be expanded as V (Φ) = r|Φ|2 + u|Φ|4 +
. . ..
The constraint now reads:
ǫµνλ∂ν (a
ρ
λ + a
c
λ)− ρ0δµ0 = 0 (18)
The solution of the constraint is
acλ ≡ −a
ρ
λ + ρ0ǫλjxj (19)
where the ≡ sign means equal up to a gauge transforma-
tion. The physics of this equation is simple: the auxiliary
fermion number and slave boson number currents are not
independent; they are equal and opposite.
Note that this constraint does not commute with the
Hamiltonian (in the terminology introduced by Dirac, it
is a second-class constraint). Hence, we must also impose
the condition which follows from the commutator of the
Hamiltonian with the constraint. Equivalently, the con-
straint removes all of acµ except for a pure gauge degree
of freedom. Before choosing a gauge and eliminating this
degree of freedom, we must impose the equation which
follows from its variation. For illustrative purposes, we
will solve this equation under the assumption that the
Z2 symmetry
Φ↑,↓ → −Φ↑,↓, (20)
is unbroken. In the Z2-broken case, a similar but slightly
different solution is available. We introduce the fields Φρ
and Φσ, following [13]:
Φρ = Φ↑Φ↓; Φσ = Φ↑Φ
†
↓, (21)
which are the appropriate degrees of freedom when the
Z2 symmetry is unbroken. The effective Lagrangian for
Z2-symmetric phases is:
Leff = Lρ + Lσ + LGL(Φ
c, acµ) + Lint + Lcon, (22)
with an auxiliary fermion number sector, Lρ =
LGL(Φ
ρ, aρµ) and a spin sector,
Lσ = LGL(Φ
σ, aσµ) + i
1
4π
ǫµνλa
σ
µ∂νa
σ
λ (23)
Lint contains (subleading) interactions between the
charge and spin sectors. Lcon is the constraint. The
equation which follows from the commutator of the con-
straint with the Hamiltonian now takes the form:
Im
(
Φc†(∂µ − ia
ρ
µ)Φ
c
)
+ Im
(
Φρ†(∂µ − ia
ρ
µ)Φ
ρ
)
= 0 (24)
This may be solved by taking Φρ = Φ
c†. The effective
Lagrangian which results from solving the constraints is:
Leff =
1
2
|(∂µ − ia
ρ
µ)Φρ|
2 + r′ρ|Φρ|
2 + u′ρ|Φρ|
4
+
1
2
(fρµν)
2 +
1
2π
Aµǫµνλ∂νa
ρ
λ
1
2
|(∂µ − ia
σ
µ)Φσ|
2 + rσ |Φσ|
2 + uσ|Φσ|
4
+
1
2
(fσµν)
2 + i
1
4π
ǫµνλa
σ
µ∂νa
σ
λ + Lint (25)
This is the main result of this paper: after solving
the constraint, we are left with an effective action of the
generic form introduced in [13]. A similar conclusion has
recently been reached by D.-H. Lee [19]. This Lagrangian
contains no fields which transform under the gauge sym-
metry (9), so the slave particles are not part of the theory.
As discussed in [13], the possibility of spin-charge separa-
tion is dependent on the existence of fractional quantum
number solitons in this Lagrangian (see also [20,21]).
Discussion. We have seen how spin-charge separation
does not result from the deconfinement of slave parti-
cles. Spin-charge separation, if it occurs, is due to the
existence of solitons with fractional quantum numbers.
Slave particles are always confined by a U(1) gauge field
which is at infinite coupling since its purpose is to im-
pose a constraint reducing the Hilbert space to the phys-
ical one. Attempts to treat the gauge field perturbatively
[2,4–11] fail to impose the constraint and therefore lead,
incorrectly, to the conclusion that the slave particles can
be deconfined. The fallacy can be seen by considering:
S =
∫
ddx
(
ψαγµ (i∂µ − aµ)ψα + χγ
µ (i∂µ − aµ − Aµ)χ
)
(26)
ψα carries spin but no charge, while χ carries charge but
no spin. Aµ is the electromagnetic field while aµ imposes
the constraint jµ = ψαγµψα+χγµχ = 0. This constraint
holds at every point in space, at any scale at which we
choose to probe the system. On the other hand, one
might imagine that one can use an RG transformation to
produce a low-energy effective field theory of the form
S =
∫
ddx
(
ψαγµ (i∂µ − aµ)ψα
3
+ χγµ (i∂µ − aµ −Aµ) +
1
2e2
f2µν
)
(27)
since integrating out the fermions would appear to gen-
erate such a term. One can imagine that such a the-
ory will have a Coulomb phase, in which the fermions
are weakly-coupled. (Note, however, that it is believed
[22] that, even for this model with finite coupling, the
Coulomb phase can occur only for D ≥ 3.) However,
this line of reasoning is incorrect. An RG transforma-
tion should integrate out the short-distance fluctuations
of both the fermions and the gauge fields. Since the
fermions and gauge fields are infinitely strongly-coupled
at short-distances (i.e. in the bare action), this procedure
cannot be done perturbatively. The strong-coupling ex-
pansion should be used instead, and it leads to the con-
clusion that the fermions are confined. It is permissible,
at least formally, to integrate out the χ field alone, to
derive an effective action for the gauge fields and ψα:
S =
∫
ddx
(
ψαγµ (i∂µ − aµ)ψα +
1
2e2
LM (a+A)
)
=
∫
ddx
(
ψαγµ
(
i∂µ − a
′
µ +Aµ
)
ψα +
1
2e2
LM (a
′)
)
(28)
where LM is the Maxwell Lagrangian and a
′
µ = aµ+Aµ.
We are left with a Lagrangian with a matter field which
carries both spin and charge, regardless of whether or not
a′µ is confining.
In principle, there is another strongly-coupled phase
which is possible – the Higgs phase – in which, again,
there are no massless gauge bosons and no free slave par-
ticles. In fact [23,22], the Higgs and confining phases are
not distinct if the Higgs field has gauge charge 1. A con-
densate of slave bosons would be such a phase; it is a
Fermi liquid phase with spin-charge confinement. If the
Higgs field has higher charge – such as a composite Higgs
formed by a pair of auxiliary fermions – then there is a
distinct Higgs phase, but it is still true that there are no
massless gauge bosons and no free slave particles. Ac-
cording to Wen [24], the short-ranged RVB state [25,26]
belongs to such a phase; it is superficially similar to the
phase obtained by condensing Φρ and Φσ in (25). How-
ever, as reflected in the phase diagram of Fradkin and
Shenker [22], the strong-coupling expansion is exact in a
model with infinite gauge coupling; it implies that such
a phase will not occur.
Finite-temperature could give us a window into physics
within the confinement length; in a gauge theory with
matter fields, this would occur via a crossover [27]. How-
ever, the confinement scale is the lattice scale, so this
would not occur within the physically relevant tempera-
ture regime.
We circumvented the difficulties associated with a
strongly-coupled gauge field by using a dual representa-
tion of the slave particle currents; in this dual represen-
tation, the constraint is linear and, hence, soluble. The
approach used here might prove fruitful in the analysis
of other models with a slave-particle formulation.
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